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Abstract

A time-linearized compact operator method is developed and tassolve the LighthilwWestervelt
equation in one dimension and study the formation of shock waves, expansion waves, actibimger
between incident and reflected waves. The method is also used to study the propagation and
interaction of compresa and expansiveraves in two dimensions. It is shown that the metimay

result in an explicit algebraic equation for the pressareoth one and twedimensional geometries

and that, owing to the incident pressure field on the boundaries of the domain, a compression wave
that evolves into a shock is formed. In two dimensions, the reflected compression waves from the
boundaries inte@ in a complex manner and yield a complex wave structure shortly after the
interaction.
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1 Introduction

The Lighthill-Westervelt (LW) equation describes the homentropic propagation of planar acoustic
waves in inviscid, homogeneous fluids at small Mach numbers. This equation was originally
developed by Lighthill [1] in his studies of aerodynamic sound genenatiene the author introduced
what is known today as the Lighthill turbulence stress tensor for the acoustic field. Westervelt [2]
neglected the viscous contribution to Lighthil€hess tensor in his studies bighly directional
transmitters and receiveasid obtained what is nowadays referred to the (inviscid) LW equation. Such
an equation i@ speciakase of the Kutnetsov equation{Bwhich has been applied to study sound
beams

In one dimension, the inviscid LW equation is usually written in termieficoustic density, i.e., the
difference between the density and the (homogenesgus)ibrium density, which is assumed to be
much smaller than thequilibriumdensity, after introducing theelocity flow potential, as

Loloy ! Ly =tei200( ), )

where! andx denote the time and the spatial coordinate, respectival/the velocity potentiak, is
the (equilibrium) speed of soung, is the parameter of nonlinearity whichdqual to(y ! !')!2 and
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(v /1211 for gases and liquids, respectively, is the specific heat ratiosubscripts denote
differentiation,and! !'! is the nonlinearity parameté8]. In two dimensions, the terp,, in Eq. (1)
is replaced by! ' ! 1oy + 1!

Upon nondimensionalization of with respect to!, t with respect toL! ¢;, the velocity and the
velocity potential with respect to andV L, respectivelyand the acoustic density with respectpo,
where! =1 /¢ is the Mach nmber which is assumed to be smalhd V andL are characteristic
values of the fluid velocity and length scale, respectivdhye governing equation for the
nondimensional acoustic density can be written as

12p1 10 =1 Llelp)lp, | 1=20B1 Ip 12, )

which reduces to the linear wave equation for either! or! =1, i.e., for zero Mach numbers or
zero nonlinearities. In such case, it is welbwn that Eq. (2) has two characteristic lines along which
propagation occurs, i.e., the ledfind rightrunning waves.

For nonlinear flows and nerero Mach numbers, Eq. (& hyperbolic provided that —!!8!!)!
0, and becomes an elliptic one f¢t! 2 Blep)! 0; therefore, hyperbolic behavior occurs for
nondimensional acoustic densities smaller thei2 ! !'l. Since only the produgt!s appears in Eq.

(2), it may be stad that the nonlinearity depends on this product and, therefore, the sound
propagation is a function of this product.

In one dimension! !'! 11111 whereas in two dimensions € [! 11! and! ! [!!M!, where! is the

ratio of they-dimension to thex one. h this study, we have assumed that the initial conditions
correspond to

L,y 5 0Lxly) =0, (3

while the boundary conditions are

L@, L, p(xIM) T Y, L(eoly) T L (lyl, p(elall) =1 (xd, (4)

whereF andG are known functions of time and the corresponding Cartesian coordinate.
In a thermoviscous fluid, the LW equation may be writtefiras

LR LIy 4+ 00T Ly e 21B1( 2)ger ! 0 ®)

whereP is the (dimensional) acoustic pressure and the third term is a dissipativeyoohesdue to
thermal heat conduction and the dynamic viscosity of thid,fand! is the diffusivity of sound which

is related to the sound absorption coefficiernd the frequency asé = 211 151/l 211

Equation(5) contains a thirgbrder time derivative and requires three initial conditions to be specified
In addtion, in the absgce of nonlinearities, i.e., fdr! 0, a simple Fourier analysis of Eq. (5), i.e.,
L(tlx)! 1A1"# 11 (kx! wt)) wherekis the wavenumber arld ! ! 1, indicates that

121t o il o ! = (6)
and, therefore, is a complex number, there is dissipation and there are three robts=fas(! !.

A simpler model to account for losses is to introduce the tefni(!,!,)!p, in the lefthand side of
Eq. (2); such term intduces the welknown viscous damping in a phenomenologitenner but
does not introduce a thiarder time derivative. The dispersion relatishensuch a dissipation term
is employed, isa quadratic expression for the frequency as a function of the wavenumberthather
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the cubic one of Eq. (6)Of course, the damping coefficient!(p!p )!must be determined
experimentally.

2 Numerical methods

In this section, we present the seémplicit and implict methods that have been usedietermine the
numerical solution of Eqg. (2). The seimiplicit procedures vyield explicit expressions for the
nondimensional acoustic density for the nondimensional acoustic pressure in botte and two
dimersions, whereas the implicit procedures provide coupled linear equations for the pressure which
can be solved by means of either the method of Thomas foagwithl systems ofinear algebraic
equations or iteratively.

2.1 Semi-implicit methods

For the sake fosimplicity, we shall discretize Eq. (®ith the dissipation term discussed abavene
dimension by means dlie followingsemtimplicit method

! 1 +! ! -1 R Y T K JAY
G; ! !!"!m!!p!" e DL L B R i T 2!!tl I=1 !(‘!#! : (7)
where! = p, ,60 =1 =11l 1 =1 1 1tandAx are the time step and the spatial step, dlze

subscripti denotesx; = i ! !, and the superscript n correspondd'td n!At, where wehaveused
equal divisions in space and time Eq. (7), the spatial derivatives have been treated explicitly while
the time ones have been discretized by means of sexded accurate finite differenceim addition,

Eq. (7) corresponds to a thréme levelmethod Moreover, from Eq. (7)t is a rather simple exercise

to obtain an (explicit) quadratic expression fo}r! 1 so that the pressure can be calculated
analytically. Such a quadratic expressi@stwo roots.

Instead of using Eq. (7) as such, wavé linearized the nonlinear term in the riglaind side of that
equation with respect to the previous time level, as follows

gl gt -1 EREE

Doy Lol ey iy oi0e),  (8)

2IAt 20t 41t

sothat, substitution of Eq. (8) into Eq. (7) yield® followinglinear algebraic equation fgmf“ !

G 1120 gfn ) oMt -t Qi el 2
. - . ] ] ]
t t Lt LMo 4+ 11 !

|
I I

whereQ, =Ip! ! Ipn~',

It must be noted that if the secenand higherorder terms in the rightand side of Eq. (8) are
neglected and the resulting expiessis substituted into Eq. (7), then one obtains the-dirder
accurate in time explicit athod employed by Jordan and Christd@][in onedimensional problems.
Such an approximation treats the nonlinearities in an explicit manner and is orbrd&staccurate
one, whereas Eq. (8) is secemdier accurate in timand provides an explicit exessim for the
pressure field at the time lev@+1).

The seconerder spatial derivative term in EgQ)(can be discretized by means of seconder
accurate finite differences as
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Gi = py (™M1 5182111 01Ax!), (10)

where 6211, =Ip;; ! ', +1p; 1, or by means of a fourbrder accurate, thre@oint compact
operator methofP] in an equallyspaced grichs

! s}

Gl = pex(I™1) ~ 7 o=t 01X, (11)
which can, in turn, be written as
Lern oaqon oo st = o opantyoan
!T('I+!+'1O"i"'i—!"m' 'i_A!_!"i!!""i' LT (2)

The solution of the tridiagonal system of EqR)(brovides the vales of!G} which can be substituted
into Eq. @) to determine the pressupé‘! ' in an explicit manner. This explicitness is a consequence
of the fact thaG is treated at the-th time level.

The values of! l' at the boundaries eve determinedby applying Eq. (2) at those boundaries, i.e., it
was assumed that the differential Eq. (2) is valid on the boundaries.

The semiimplicit methods presented above treat the spatial derivatives explicitly and are conditionally
stable. A linear stability angk of the seconarder accurate discretization of the seconder
derivatives requires that the Courant number, §.e/! !, be less than one. This restriction is not a
severe one except for lofigne calculations and corresponds to the fact that themath of
dependence of the numerical methudstinclude that of the exact solutigtl]. No restrictions on

the time step and/or gridze arise from the implicit mbbds considered in the next subsection.

In two dimensions, the sermplicit method of Eq. (9) is also applicable ahd and!, can be
discretized by means of either the secondier accurate finite difference formula of Eq. (10) or the
fourth-order accurate one of Eq. (12) applied inte€artesian coordinate.

2.2 Implicit methods

In order to avoid theme step restrictions that claaterize the semimplicit methods presented in the
previous subsection, Eq. (2) for edenensional problems was discretized in time as

||!+!_|n!! n! 1y

N e A YR

%(G!-H! 2GM| !!—!)_i|(p!+!! 2|pn| p!!l!! ' — T

112"
which is also seconabrder accurate in time anesults in a linear implicit mbbd after the time
linearization of the righhand side as indicated in E@®). This means that, upon time linearization,

Eqg. (13) corresponds ta two-point boundaryalue problem governed by a linear seconder
ordinary differential equation fot ™', since the spatial derivatives have not been discretized:
therefore, EQ.X3) is a semdiscrete problem of the Rothe tyd].

If Eq. (13) is applied at; and the secondrder spatial derivatives are discretized as in Eq. (10), a
tridiagonal ssytem of linear algebraic equations at each time level is obtained; the sdlstich a
system can be obtained by means of the method of ThfifBhsOn the other hand, if the secend
order spatial derivativeis Eq. (13)are discretized by means of the compact operator method of Eq.
(12), it is easily seen that ' ! and! ;' are unknowns and Egs. (12) and (13) are linearly coupled
and yield a block tridiagonal system of linear algebraic equations which can be solved by the method
of Thomas for block tridiagonal matricgsd].

In two dimensions, Egs. (8), (12) and (13) resulfive-point stencils which may be s@d iteratively

or by factoriing the linear twedimensional problem corresponding to Egs. (8) and (13) into twe one
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dimensional ones. These adenensional problems result in tridiagonal matriedsch can be solved

by means of the method of Thom4%3]. However, the factorization of twdimensional operators into
onedimensional ones introduces approximate factorization emtish are 0(! t') and involve
higherorder spatial derivatived$] which can be accounteddr in an iterative manner provided that
there are no mathematical incompatibilities between the initial and boundary conditions.

For the onedimensional problems considered here, mathematical compatibility requires that (cf. Egs.
(3) and (4))

F(1)=1,1111F'(0) = 0! (14)

where the prime denotes differentiation with respet¢t &md analogous expsions can be derived in
two dimensions.

If Egs. (8), (12) and (13) are employtal sole two-dimensional problemghen a linear system of
equations for! ;'* !/ ** and!;'! is obtained, whered = !,,. This system can be solved
iteratively until a userOs specified convergence criterion is used.

Since the methods presentedliis section are threlevel ones, they are not saifarting. In order to
stat them, it is required to knothe values of .1 i.e., the acoustic pressure at the second time level;
the first time level corresponds to the initial conditions. Such aspresfield was determined by

means of TaylorQ series expansions as follog}s [1

p(11,1) =p(0lx) ! Al p(0!!) + 0!1AI')! (15)

where he righthand sideof Eq. (15)is known though Eqg. (3)

3 Presentation of results

Unless otherwise stated, we have assumeduthata |! |I , where! and! are constants and, for the
onedimensional simulations

(1) =0, () = 1= sinl o), (4)

with (nondimensional) frequency ! m, so thatn = 1 and O correspond to positive and negative
boundary pressures, respectively, fod ! ! 1. The onedimensional calculations were performed
with the time linearization, compact operator technique described in the previous section.

3.1 Flow compression and expansion

Forn=1anda! !, the results presented in Figuréntliicatethat the pressure in the interior of the
domain close to the ! | boundaryis positiveand results in the formation of a steep pressure front
whose steepness increases it approaches the! ! boundary. The compression front shown in
Figure 1 evolves into a shock wave with a vertical front.
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Figurel DCompresive frontfon =1land! ="!.
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Figure2 bCompresive frontfon=1,a = 5and! ! 1.

In the presence aamping or losses, the results presented in Figure 2 indicate that a steep front is
formed nearthe! =! boundaryand propagates toward the="! boundary. The steepness of this
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front also increases as theé ! boundary is approached; however, owing toltsses, the maximum
pressure decreases with time. In both Figure 1 and Figure dhtons of thecompressiorand
expansiorwavefronts, respectively, ar@most lineafunctions oft.

Figure3 DExpansive front fon = 0anda ! 0.
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Figure4 BbExpansive frontfon=0n=1,! ! 5andy = 1!

Although not shown here, the maximum value of the pressure decredsesiasreased; for the same
value of! and the initial and boundary conditions considered in this study, it has been observed that

7
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the influence of is smallprovided that this value is larger than untigcausehe maximum pressure

atthe! ! ! boundary is one, and the maximum damping occurs only where the pressure is largest. In
addition, since the nedimensional pressures considérhere are always less than or equal to unity,

the effects of damping decreaseyds increased above unity.

Forn! !, the pressure at tHe! 0 boundary is negative far ! ! | ! . Since the initial pressure of

the flow fieldis zerq this conditionimplies that suction is applied at that boundary; consequenty, on
expects that an expansion wave propagates towards this boundary. This is clearly illustrate in Figure 3
which corresponds tm = 0 anda! 0! The results presented in Figure 3 correspaiodgero
damping and clearly exhibit and expansion wave whose front location is nearly a linear function of
time. The expansion begins at the corner print0 andt = 0 and reaches = 1 at about = 1.

3.2 Assessment of accuracy

The numerical results preded in Figures 4 were obtained with 1001 grid points and a time step
equal to 0.000&and, thereforecorrespond to a Courant number of 0.1, i.e., a Courant nhumber ten
times smaller than that imposed by the linear stability of the-gaplicit time-linearized second

order accurate method presented in the previous section. For these time and space grid sizes, the
differences between the acoustic pressure obtained with thdinieagized, compact method and the
time-linearized secondrder accurate finiteifference scheme antiosebetween thdime-linearized

compact method and thleecondorder accurate (in spacsghemecorresponding to the neglect of the
second term in the rigiitand side oEq. (8),are presented in the t@md bottomgrapts of Figure §
respectively

3
x 10

Figure5 BDifference between the acoustic pressure obtained with thditierized, compact

method and those of the tiiaearized, secondrder accurate technique (top) and those of the

method corresponding to Eq. (8) without the second term of itshiayid sile (bottom)for a
compression wave characterizedrby 1 and! ! |,
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Figure 5 indicates that the acoustic pressure differences between tHméianzed, compact arttie
time-linearized, secondrder accurate methods increase as time increases, aterstmah 1 % and

are largest at the compression waveOs front; this is a consequence of the fact that the steepness of the
compression wave increases as the wave approaches-theboundary.

Figure 5 also shows thahe difference between the acoustic gsere obtained with the time
linearized, compact method and that corresponding to a secdadaccurate discretization of Eq. (1)

where the second term of Eq. (8) is neglected increases as time increases, is largest near the maximum
pressure location andecreases as decreases towards zero. This difference is nil ahead of the
compression wave front. Analogoresults to those shown in the bottom graph of Figure 5 have been
obtained for the acoustic pressure differeabt&ined with the tindinearized,secondorder accurate

method and that corresponding to a seeortter accurate discretization of Eq. (1) where the second
term of Eq. (8) is neglected.

Although not shown here, the differences between the results of thdineaazed, compact method

and those of the timdinearized, secondrder accurate scheme decrease as the time step and grid
spacing are decreased, and are largest at the compression wave front. It must be noted that, for the
semiimplicit methods presented in the previous section, titme step was decreased as the grid
spacing was decreaspdovidedthat the Courant number was always less than unity as demanded by
the linear stability resittion imposed by the discretization.

Similar errors to those presented in Figure 5 have beemaasfor expansion waves as illustrated in
Figure 6except that, for expansipthe errors are smaller than for compression. Note that the error at

the x ! ! boundary is nil.

Figure6 DDifference between the acoustic pressure obtained with thditie&rized, compact

method and those of the tiiaearized, secondrder accurate technique (top) and those of the

method corresponding to Eq. (8) without the second term of itshiyind side (bottom) for a
compression wave characterizedrby 1 and! = 0.
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3.3 Multiple reflections

As illustrated above, when = 1and! =, i.e., forinitially compressiorwaves in a lossless medium,

a steep front develops and evolves into a shock wattee calculations were to be performed beyond

t = 1, one would find tht the solution eventually blows up in a finite time. However, in the presence
of damping the pressure variation at thhe= 0!boundary resultaitially in a compression wave that
becomes steeper as it approached thellboundary; from this boundary, # reflected towardand
interacts with the wave emanatifrgmthex ! ! boundary and this continues for a very long time as
indicated in Figure 7 which correspondsno= 1, «a =! andy! 1. This figure shows that the
acoustic pressure is positive at theginning, but after several reflectionsrfrdhe x! ! and 1
boundaiesand interactions with the pressure waves generated atthelboundary, some regions of
negative pressure appear irasp and time.

It must be noted that, for the boundary conditioogsidered in this section, the acoustic presure at the
x ! 0boundary reaches both positive and negative values because of the times considered in this
study.

Figure7 BMultiple reflections ofinitially compression waves for=1,! ! | andy =!.

Similar interactions to those exhibited in Figure 7 have been observed,iwitiafly, there is suction

at the! ! | boundaryas illustrated in Figure 8. A comparison between Figures 7 and 8 indicates that
there are initially strong differences in the astizi pressure; however, these differences only seem to
affect the time required to achieve an almost stationary state. Once this state is established, the results
presented in Figures 7 and 8 seem to indicate that a positive pressure in Figure 7 carr@spond
negative one in Figure 8. However, this is not exactly the case because, although the initial and
boundary conditions for the compression case, i.e., Figure 7, become those for the expansion waves of
Figure 8 when the pressure is replaced by itatieg value, Eqg. (2) is not invariant under reflections

of pressure due to the terd — 2!Ble!) !, in the lefthand side of Eq. (2). For the conditions
considered herd, =1 ande! !.l', so the largest and smallest valueqlof 2! le!' ) are 1.4 and

0.6, respectively, which correspond ! —! andp! 1, respectively. In spite of this lack of
invariance, the results presented in Figures 7 and 8 indicate that the contribution of the nonlinear term
2! eplp, seems to be smaller than that!gf, except at times where the acoustic pressure and its

10
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secondorder time derivative are largest. It must be noted that Eq. (2) becomes thienoweh
classical, linear, secormtder wave equation when eitheror ! are nil which has a welknown
analyticd solution

Figure8 BMultiple reflections ofinitially expansion waves for=0,a =! and! ! 1.

4 Conclusions

A time linearization method based on TaylorOs series expansions in time has been used to solve
numerically a onalimensional modified LighthdWestervelt equation that includes a damping term

that depends nonlinearly on the fitader time derivative of the aastic pressure. The method, when
applied in a semimplicit manner, is conditionally stable and provides an explicit expression for the
pressure; if applied in an implicit manner, it results in bitakagonal systems of linear algebraic
equations for igher the pressure field or for the pressure field and its secalet spatial partial
derivative.

It has been shown that when the boundary pressure is positive, a compression wave develops in the
acoustic medium; the steepnes of thisnpression wave ineases ashe wave approaches the other
boundary and becomes a shock wave. On the other hand, when the boundary pressure is negative, the
fluid expands and an expansion wave that propagates towards the suction hdaridemed In both

the compressionnal the expansion cases, it heeenobserved that the location of the wave front is an
almost linear function of time, and the largest magnitude of the absolute value of the pressure
decreases as the damping is increased; however, the nonlinearitiesdafmpiag coefficient affect

only slightly the wave propagation for the conditions considered here.
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