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Abstract 

Sound transmission in passive acoustic treatment at low frequencies, is mainly controlled by two physical 

mechanisms: The inertial, as stated by the mass density law, and the local resonances of the structure. 

Consequently, conventional means for noise insulation present severe limitations in this range as the 

improvement of their acoustic performance is associated with the addition of extra mass. Additionally, such 

flexible structures have many lightly damped vibration modes at low frequencies, further hindering their 

effectiveness. Locally resonant acoustic meta-materials may also require the use of significant added masses, 

while demonstrating narrow bandgaps. This work proposes the utilization of a hybrid concept based on the 

optimal combination of the KDamper (KD) and Inertial Amplification mechanisms (IAM). The combined 

action of the negative stiffness element and the inertial amplification effect may provide extreme attenuation 

properties even at very low frequencies. The theoretical framework for a meta-structure based on the periodic 

repetition of KD-IAM unit cells is established. It is shown to generate deep and wide attenuation bands in the 

region of the fundamental resonance of the structure, surpassing the mass density law while utilizing a fraction 

of the additional mass of comparable concepts. An indicative implementation of the meta-structure is also 

presented and validated via Finite Element Analysis. 

Keywords: KDamper, Inertia Amplification, Metamaterial, Design, low frequency. 

1 Introduction 

Τhe term “acoustic meta-materials” [1] describes periodic structures with unit cells exhibiting local resonance. 

The base of such designs is described by a simple “mass-in-mass” lumped parameter model, resulting in 

negative effective stiffness or mass at frequency ranges close to the local resonances. This localized resonant 

structure exhibit band-gaps at wavelengths much longer than the lattice size [2–5], thus enabling low-frequency 

vibration attenuation, wave guiding, and filtering, among other applications.  

However, low frequency range applications of such locally resonant meta-materials, may require very heavy 

internal moving masses, as well as additional constraints at the amplitudes of the internally oscillating locally 

resonating structures, which may prohibit their practical implementation. For example, current applications of 

locally resonant meta-materials in acoustics [6,7] often address frequencies well above 500 [Hz]. Additionally, 

it should be mentioned that conventional acoustic panels perform poorly in this frequency range, thus, there is 

an all increasing trend towards the design of a new generation of structures with increased isolation properties 

in the low-frequency regime. 

To contribute to the solution of low frequency sound attenuation, the current research considers the application 

of an enhanced KDamping concept [8] incorporating an inertial amplification mechanism (IAM) for the design 

of highly dissipative low-frequency acoustic meta-materials. The KDamper [9,10] is a novel passive vibration 
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isolation and damping concept, based essentially on the optimal combination of appropriate stiffness elements, 

which include a negative stiffness element. The KDamper (KD) can be considered as an extension of the 

traditional Tuned Mass Damper (TMD), by the addition of a negative stiffness element to the internal 

oscillating mass. On the other hand, the concept of inertial amplification goes back many decades [11]. Hence, 

inspired by their successful application in engineering concepts [12,13], several works used the similar concept 

of inertial amplification mechanisms (IAMs) for the formation of finite periodic structures and bandgap 

generation. The fundamental theory regarding the generation of phononic gaps utilizing IAMs [14] has been 

tested by a first design with flexural hinges which was experimentally validated [15]. The effectiveness and 

characteristics of the IAM concept can also be utilized in low-frequency noise insulation. As proposed in this 

work, in combination with the properties of the KDamper, the width and depth of the generated low-frequency 

attenuation band can be further improved. An extended KDamper framework that incorporates an IAM is thus 

presented. This coupled absorber is applied to form a novel periodic structure, resulting in a wide and deep 

frequency band of improved vibration and noise attenuation. 

The present contribution is structured as follows: First, the KD-IAM concept is described and then based on 

Bloch’s theorem the one-dimensional mass-in-mass lattice is analysed and the corresponding dispersion 

relations are derived. Next, utilizing the lumped parameter model (LPM) [16] as a convenient and fast 

approximative method we evaluate the STL in this region based on a couple of transfer functions, where 

distinction is made between localized masses and masses corresponding to radiating surfaces. Exploiting this 

theory, we present initial designs of the corresponding parts and finally, we assess the performance of the KD-

IAM meta-structure through a detailed Finite element vibro-acoustic model. 

2 KDamper-IAM Meta-material 

2.1 Overview of the KDamper-IAM Concept 

Figure 1 presents the basic layout of the KD-IAM concept. The 

KDamper theoretical framework [17] is extended to include the case 

where the rigid mass is replaced by a deformable plate, where 𝑚1 is 

the modal mass of the panel and 𝑘1 the bending stiffness. In order 

to do that, the main assumption is that the bending stiffness of the 

deformable plate is in a way in series with the stiffness of the KD-

IAM. Moreover, since the loss factor (𝑛) can represent more 

accurately the dynamic response of nonlinear systems compared 

with the damping ratio which is defined on the grounds of the linear 

single degree of freedom (SDOF) viscous model [18], hysteretic 

damping is introduced indirectly considering complex stiffness 

elements as 

𝑘𝑠
′ = 𝑘𝑠(1 + 𝑗𝑛) (1) 

𝑘𝑝
′ = 𝑘𝑝(1 + 𝑗𝑛) (2) 

 

The corresponding model is realized based on the KDamper with the inclusion of the inertial amplifier (IAM), 

where 𝑚𝑗 is the connecting mass which is assumed as negligible in order to act just as a connector, namely an 

additional DOF. The effective mass of the IAM is calculated as [13]: 

 

𝑚𝐵  =
𝑚𝑎

2
[𝑐𝑜𝑡2𝜃 +  1] (3) 

 

The equations of motion resulting from the model of the panel mounted in KDamper mounts come as 

𝑚1�̈�1 + 𝑘1(𝑞1 − 𝑞2)  =  𝐹 (4) 

𝑚𝐵�̈�2  −  𝑘
∗𝑞1  +  (𝑘

∗  + 𝑘𝑃
′  +  𝑘𝑆

′)𝑞2  − 𝑘𝑃
′  𝑞3  =  0 (5) 

 

Figure 1 – Basic layout of the KD-

IAM concept where the mechanism 

supports a deformable plate. 
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𝑚𝐷�̈�3  +  (𝑘𝑃
′  + 𝑘𝑆

′)𝑞3  −  𝑘𝑃
′  𝑞2  =  0 (6) 

2.2 Dispersion Relations and Equation of Motion 

The KD-IAM [16] unit cell is depicted in Figure 2 for the simplest case of a meta-structure based on the 

periodic repetition of such unit cells. The periodicity is considered one dimensional, and the IAMs are 

grounded on one end. 

 

Figure 2 – KD-IAM unit cell. 

 

 The displacement of a DoF at a certain position 2𝑝 of the lattice may be expressed in a complex notation as. 

𝑢2𝑝 = �̃�2𝑝 𝑒
𝜎𝑡 = 𝑈(2𝑝𝜅𝐿)𝑒𝑗2𝑝𝜅𝐿, (7) 

with 𝜅 being the wavenumber and L being the length of the unit cell. In the time part of the solution, the 

parameter σ is defined as 𝜎 = ±𝑗𝛺, or in the case where the attenuation between the unit cells is considered, 

𝜎 =  −𝜁(𝜅)𝛺(𝜅) ± 𝑗𝜔𝑛√1 − 𝜁
2(𝜅), where 𝜁 is the damping ratio. 

Utilizing Bloch’s theory, the propagation of elastic waves between unit cells can be described by considering 

the interaction of displacements and forces. Considering the spatial part of the solution, this is expressed as 

𝑢2𝑝 = 𝑈𝑒𝑗2𝑝𝜅𝐿, (8) 

𝑢2𝑝−2 = 𝑢2𝑝𝑒
−𝑗2𝜅𝐿, (9) 

𝑢2𝑝+2 = 𝑢2𝑝𝑒
𝑗2𝜅𝐿, (10) 

𝑢2𝑝−1 = 𝑈𝐷𝑒
𝑗2𝑝𝜅𝐿𝑒−𝑗𝜅𝐿, (11) 

𝑢2𝑝+1 = 𝑢2𝑝−1𝑒
𝑗2𝜅𝐿. (12) 

Assuming the case without damping, substitution into the equations of motion of the unit cell leads to 

𝑚𝐵𝑚𝐷𝛺
4  − [𝑚𝐵𝑘𝐷 + (𝛾𝑘𝑆 + 𝑘𝐷)𝑚𝐷]𝛺

2 + 𝛾(𝑘𝑆𝑘𝐷 + 𝑘𝑃𝑘𝑁) =  0 (13) 

 

where 𝛾 =  2(1 − 𝑐𝑜𝑠 𝑞) for 𝑞 = 2𝜅𝐿 and 𝑘𝐷 = 𝑘𝑃 + 𝑘𝑁. Setting 𝜆 =  𝛺2, Eq. (13) can be written as 

𝐴𝜆2 + 𝐵𝜆 + 𝐶 =  0, (14) 
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where 

𝐴 = 1,  𝐵 =  −[(1 + 𝜇𝐵)𝜔𝐷
2 + 𝛾𝜔𝑆,𝐵

2 ],  𝐶 =  𝛾𝜔𝐵
2𝜔𝐷

2 , (15) 

having defined the following characteristic frequencies and parameters: 

𝜔𝐵 = √𝑘0/𝑚𝐵, 𝜔𝑆,𝐵 = √𝑘𝑆/𝑚𝐵 , 𝜇𝐵 = √𝑚𝐷/𝑚𝐵 (16) 

Then, the dispersion relations are given by the two solutions 𝜆1, 𝜆2 of Eq. (14), resulting in the upper 𝜔+(𝑞) =

√𝜆1 and lower 𝜔−(𝑞) = √𝜆2 branches, respectively. 

The dispersion relations are 2𝜋/𝐿-periodic in the wavenumber space; therefore, 𝜔(𝑞) = 𝜔(𝑞 + 2𝜋). 
Furthermore, considering the irreducible Brillouin zone, the two characteristic high (𝜔𝐻) and low (𝜔𝐿) 

frequencies of the generated bandgap can be calculated as  

𝜔𝐻 = 𝜔+(𝑞 = 0) = 𝜔𝐷√1+ 𝜇𝐵 = 𝜔𝐵𝜌𝐵√1 + 𝜇𝐵 (17) 

𝜔𝐿 = 𝜔 
−(𝑞 = 𝜋) =

1

√2
√4𝜔𝑆,𝐵

2 +𝜔𝐻
2 −√(4𝜔𝑆,𝐵

2 +𝜔𝐻
2 )

2
− (4𝜔𝐵𝜔𝐷)

2 (18) 

 

where 𝜅𝐷  =  𝑘𝐷/𝑘0. The above frequencies can be used for tuning of the meta-structure for a specific 

application and for the definition of the normalized bandgap width in the form 

𝑏𝑤 = (𝑓𝐻 − 𝑓𝐿)/𝑓𝑎𝑣,          

 
(19) 

where 𝑓𝑎𝑣 = (𝑓𝐻 + 𝑓𝐿)/2. 

 

Concerning the equation of motion of the meta-material, for M number of unit cells is expressed in matrix 

formulation as 

 

𝑴 �̈�(𝑡) + 𝑲 𝑢(𝑡)  = 𝑭 𝒇(𝑡) (20) 

 

where 𝑴𝑛×𝑛, 𝐾𝑛 ×𝑛, �̈�𝑛×1, �̇�𝑛×1, 𝒖𝑛×1, 𝑭𝑛×1 and 𝑛 = 2𝑀 + 3 is the number of degrees of freedom of the 

meta-material. Indicatively, for a single unit cell, M=1, the mass [M], and stiffness [K] matrices come as 

 

𝑴 =

[
 
 
 
 
𝑚∗

0
0
0
0

0
𝑚𝐵

0
0
0

0
0
𝑚𝐷

0
0

0
0
0
𝑚𝐵

0

0
0
0
0
𝑚∗]
 
 
 
 

 

(21) 

𝑲 =

[
 
 
 
 𝑘

∗ 
−𝑘∗ 
0
0
0

−𝑘∗ 
𝑘𝑆 + 𝑘𝑝 + 𝑘

∗ 

−𝑘𝑝
−𝑘𝑠
0

0
−𝑘𝑝 

𝑘𝑝 + 𝑘𝑁
−𝑘𝑁
0

0
−𝑘𝑠
−𝑘𝑁

 𝑘𝑆 + 𝑘𝑁 + 𝑘
∗  

−𝑘∗

0
0
0
−𝑘∗

𝑘∗ ]
 
 
 
 

,                        𝑭 =

[
 
 
 
 
1
0
0
0
0]
 
 
 
 

 

 

For M > 1, the above matrices of the single unit cell, are added appropriately. Therefore, the transfer functions 

of each degree of freedom to the excitation may be calculated via the following expression, 

𝑻𝑭 = (−Ω2 𝑴 + 𝑲)−1𝑭 (22) 

 

In order to formulate a more realistic sandwich-type meta-structure the previously defined modal mass of the 

panel 𝑚1 is divided in two masses enclosing the periodic chain in both ends. This modelling technique is 

required to simulate the effect of the radiating surface and the consequent calculation of the STL [16]. The 

STL of the KDamper model is then calculated as 𝑆𝑇𝐿𝐾𝐷 = 10 log10(
1

𝜏𝑘𝐷
) and the transmission coefficient 

𝜏𝐾𝐷 is given as 
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𝜏𝐾𝐷 = 𝑙𝑥𝑙𝑦 (
4Ω2𝜌0
𝜋3

)

2
1

|(−Ω2 𝑚∗ + 𝑘∗)(1 − 𝑇𝐹21)|
2
𝐼𝜃,𝜙 

(23) 

Where, 𝑙𝑥 , 𝑙𝑦 are the dimensions of the radiating surfaces, 𝜌0 the air density, 𝐼𝜃,𝜙 the integral over hemispheric 

surface and 𝑇𝐹21 = 𝑻𝑭(2)/𝑻𝑭(1). 

2.3 Case study 

In this section, an examination of the KD-IAM concept is presented, considering the low-frequency acoustic 

performance of the meta-structure. The values of the KD-IAM parameters are tabulated in Table 1 and are 

obtained after an optimization procedure. Relevant information about the optimization procedure can be found 

in [16]. The panels enclosing the periodic KD-IAM structure are assumed to be comprised by conventional 

plasterboards, the properties of which are summarized in Table 2. 

Table 1 – Values of the optimized KD-IAM parameters. 

f1[Hz] fKD k0[N/mm] kS[N/mm] kP[N/mm] kN[N/mm] μ η κN mB[kg] 
100 25.1 140.5 412.1 158.1 −102 0.01 0.1 -0.679 3.49 

Table 2 – Plasterboard properties. 

𝜌𝑝[𝑘𝑔/𝑚
3] 𝑙𝑥[𝑚] 𝑙𝑦[𝑚] ℎ𝑝[𝑚𝑚] 𝐸𝑝[𝑀𝑃𝑎] 𝑣𝑝 𝜂𝑝 

668 1.2 2.4 6.3 2900 0.31 0.01 
 

Figure 3 (a) depicts the bandgap frequencies of the irreducible Brillouin zone for the selected geometry and 

parameters where 𝑓𝐻  =  163.32 𝐻𝑧 and 𝑓𝐿  =  56.67 𝐻𝑧, corresponding to a normalized bandgap width 𝑏𝑤  =
1.89. Accordingly, Figure 3 (b) demonstrates the acoustic performance of the sandwich panel based on the 

periodic repetition of KD-IAM unit cells. 

 

  
(a) (b) 

Figure 3 – Performance of the KD-IAM periodic structure. (a) Dispersion curves: irreducible Brillouin 

zone. (b) STL for various numbers M of unit cells. 

 

The depth and width of the attenuation band are not significantly affected as far as the STL performance is 

concerned. However, despite the choice of lower loss factor, the emergence of meta-damping improves the 

response around the characteristic frequency 𝑓0, which can be very important for certain applications. 

However, in the context of the present investigation, it is demonstrated that the physical mechanisms of the 

KD-IAM concept providing this extreme attenuation band are present even for a single unit cell, meaning that, 

at least in this specific case, the added manufacturing complexity for multiple unit cells could be deemed 

unnecessary. 
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3 Indicative KD-IAM Metastructure design 

Figure 4 shows a feasible conceptual design for such a meta structure for M =1 number of unit cells. Naturally, 

the various parallel KD-IAM elements can be divided according to the number of positions and such unit cells 

are chosen to be positioned on the surfaces of the panels. The rationale behind the quantity of each element 

lies on the required properties that should be realized, the constraints that apply due to their dimensions and 

the requirement of an adequate number of supports in order to achieve a uniform pressure distribution on the 

surface of each panel. Specifically, sixteen (16) negative stiffness elements  are utilized, eight (8) at each panel, 

and two (2) 𝑘𝑃 springs are located on top of each negative spring. Concerning the 𝑘𝑆 springs, a total number 

of  thirty two (32) elements is prescribed divided again accordingly to the two panels. Lastly, fifty-four (54) 

IAMs are considered in total in order to achieve the required amplification.  

The positive springs (𝑘𝑆 and 𝑘𝑃) are envisaged to be made of acrylonitrile butadiene styrene (ABS), a material 

that can be used in conventional 3D printers. On the other hand, the negative stiffness springs and the amplifiers 

are made of steel. The ABS material is modelled as linear elastic-perfectly plastic, with Young's modulus, 

𝐸=1740 MPa, yield stress 𝜎𝑦𝑖𝑒𝑙𝑑=27.8 MPa and mass density, 𝜌=1100 kg/m3 and steel is modelled as linear 

elastic-perfectly plastic, with Young's modulus, 𝐸=210 GPa, yield stress 𝜎𝑦𝑖𝑒𝑙𝑑=275 MPa and mass density, 

𝜌=7800 kg/m3. 

 
Figure 4 – KD-IAM meta-structure conceptual design. 

 

To enable simple fabrication in a single material system without the need for complex assembly, the positive 

springs are implemented as arches. The shapes of the semicircular arches implementing the springs 𝑘𝑆 and 𝑘𝑃 

are chosen to allow large strains in the linear regime without yielding or buckling. Clearly, this poses a limit 

on the stiffness of the entire system, as both springs are bending-dominated. The widths and thicknesses of all 

the elements are properly adjusted to result in the desired stiffness, which was initially calculated based on Eq. 

(24) and (25) [19]. 

𝑘𝑃 = 1.38 𝐸𝑤1 (
𝑡1
𝑙1
)
3

 (24) 

𝑘𝑠 = 0.46 𝐸𝑤3 (
𝑡3
𝑅3
)
3

 (25) 

The geometry of the positive springs is depicted in Figure 5 (a) and the relevant geometrical parameters are 

gathered in Table 3. 

  
(a) (b) 

Z/2
W3

t3

Z/2

W1

t1

Z/2

Z/2

l1 W2

t2

l2

𝑚 
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(c) 

Figure 5 – Geometry of the (a) 𝑘𝑠 and 𝑘𝑝 springs, (b) of the 𝐼𝐴𝑀, (c) of the 𝑘𝑁 springs.  

In order to verify the simple analytical models, Finite Elements (FE) simulation is conducted with the 

commercial software ABAQUS®. The springs are modeled with solid elements and a Rik’s post-buckling 

analysis is performed. The load-displacement curves for these springs are presented in Figure 6 (a) and (b), 

together with the results of the FE predictions. In both cases it is observed that springs behave linearly elastic 

for deformation less than 3mm, which is deemed as adequate. 

Table 3– Positive springs parameters. 

Spring 𝑡 (𝑚𝑚) 𝑅 [𝑚𝑚] 𝑤 [𝑚𝑚] 𝑙 [𝑚𝑚] Stiffness / 

spring [𝑁/𝑚] 
Number of 

springs / panel 

Stiffness / 

panel  [𝑁/𝑚] 
𝑘𝑠 3 20 9 40 2.4 104 16 4.32 105 

𝑘𝑝 3 8 5 32 9.9 103 16 1.58 105 

 

  
(a) (b) 

 
(c) 

Figure 6 – Load – displacement curves of the springs (a) 𝑘𝑠 (b) 𝑘𝑝 (c) 𝑘𝑁. 

W=10mm
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In this implementation, the negative stiffness element is realized utilizing inclined pre-stressed beams. The 

dimensions of the selected beams are depicted in Figure 5 (c) where three (3) ABS spacers connect the two (2) 

steel blades and urge the beams to buckle at the required locations. Again, FE Rik’s analysis is performed to 

capture the snap-through behaviour and the load-displacement curves are obtained according to Figure 6 (c). 

The range of the vertical displacement 𝑠 where the disk exhibits the desired negative stiffness characteristics 

is centered around the flat position of the beam where the exerted force and the stiffness attains its maximum 

negative value. In order to achieve the required negative stiffness value, with the geometrical properties 

presented, eight (8) springs with 𝑘𝑁 8⁄ = −1.35 × 104  𝑁 𝑚⁄  have to be configured. 

 

As given in Eq. (3), the mass 𝑚𝑎 of the IAM has an amplification factor (cot2 𝜃 + 1). Therefore, for realization 

of the IAM a combination of (𝑚𝑎 , 𝜃) needs to be selected in order to provide the desired 𝑚𝐵. For this particular 

design, assuming structural steel for the material of the IAM and hinged connections as shown in Figure 5(b), 

the relevant parameters for the IAM mechanism are summarized in Table 4. 

Table 4 – IAM mechanism parameters. 

𝑙2 [𝑚𝑚) 𝑡2 (mm) 𝑤2 (𝑚𝑚) 𝑚𝑎 (kg) / IAM Number of IAMs 

/ panel 
𝐴𝑚𝑝𝑙𝑖𝑓𝑖𝑒𝑑 𝑚𝑎𝑠𝑠 /

𝑝𝑎𝑛𝑒𝑙  
20 6 10 0.0156 27 0.42 

4 Performance of the KDamper-IAM meta-structure 

Finally, the performance of the sandwich meta-panel is assessed through a detailed Finite element vibro-

acoustic model. As a simplification only the transmission side of the air domain is modeled and the panel is 

excited by directly applying the blocked pressure (𝑝𝑏 =  2𝑝𝑖) on its surface, see Figure 7. The acoustic pressure 

is extracted from the fluid-structure interface nodes and then the arithmetic average is calculated as 

𝑃�̅� =
1

𝑛
∑|𝑝𝑡,𝑖 |

𝑛

𝑖=1

 (26) 

where 𝑛 denotes the total number of nodes; 𝑖 denotes the node number; and 𝑝𝑡 denotes the transmitted pressure.  

Then the averaged pressure was used to compute the simulated STL by 

𝑆𝑇𝐿 =  20 log10
|𝑃𝑖|

𝑃�̅�
 (27) 

The panel is discretized by 20-node quadratic solid hexahedral elements and the fluid domain is discretized by 

20-node quadratic acoustic hexahedral elements. The springs and the amplifiers are modeled based on the 

design described in the previous section. Tie constraints are used to simulate the coupling of the fluid-structure 

interface and non-reflecting boundary conditions are specified to generate the infinite fluid domain. Lastly, the 

discretization of the fluid domain has more than three quadratic elements across the minimum wavelength of 

interest to increase the accuracy of the computational results [20].  
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Figure 7 – KD-IAM meta-structure Finite  Element model. 

 

Figure 8 presents the results of the FE simulation of the KD-IAM meta-structure with one unit cell. Obviously, 

in reality the acoustic performance of such a meta-structure is much more complex and difficult to be predicted 

exactly. The main reason is the positioning of the various structural elements between the panels. Depending 

on the chosen configuration, the dynamic response may vary significantly. In this particular case, the frequency 

range of improved STL is slightly higher than what was predicted analytically, specifically between 120 and 

220 Hz, compared to the free finite rigid (FFR) panel approximation. 

 
 

Figure 8 – STL Performance of the KD-IAM meta structure.  

 

In any case, the lumped parameter models of the acoustic meta-structure provide a reasonable approach for the 

dimensioning of the various elements and an estimation of the expected performance. Additionally, a more 

Air domain

KD-IAM meta-structure
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refined FE model can provide further insight of the real performance and the effect of the positioning 

configuration of the stiffness elements. 

5 Conclusions 

In this paper, the vibration and sound properties of a sandwich meta-structure are presented. The proposed 

metamaterial is essentially based on the synergetic KDamping and Inertial amplification concepts. First the 

theoretical framework of the periodic structure is presented. Then, based on a typical case study in a building 

acoustic’s application it is shown that deep and wide bandgaps can be formed in the low-frequency regime. 

Thus, the KD-IAM is deemed extremely capable for low frequency acoustic insulation without the requirement 

of many unit cells and the added complexity that could be entailed in a practical implementation. Finally, the 

feasibility of the concept is demonstrated by providing preliminary designs of all the essential parts comprising 

the KD-IAM meta-structure. Appropriate technological implementations of this concept can lead to significant 

improvements in all types of low-frequency technological applications, with emphasis in low-frequency noise 

isolation-absorption. 
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