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Abstract

This paper presents a method to directly measure reflection and transmission coefficients under oblique
incidence in a 2D waveguide. The method is particularly suited for characterizing anisotropic materials,
where these oblique properties cannot be readily calculated from their normal incidence counterparts. The
method works by decomposing the pressure field within the waveguide into cut-on modes based on measure-
ments of the acoustic pressure at multiple microphone positions. The microphone locations are optimized
to improve the robustness of the method. The method is validated using numerical simulations of the
waveguide containing an anisotropic metamaterial. An excellent agreement of the metamaterial properties
is achieved between applying the measurement methodology to a simulation of the waveguide with the meta-
material samples inside and the directly predicted metamaterial properties in a simulation with idealized
assumptions. Furthermore, the designed waveguide is realized and a sample of the metamaterial is measured
experimentally. A good match is also observed between the measurement and the predicted properties.
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1. Introduction

During the product development stage of noise treatment solutions, various acoustic performance metrics
of the design including the oblique incidence reflection coefficient (Ro) and oblique incidence transmission
coefficient (To) need to be evaluated. Ro and To of an isotropic material sample can be calculated from the
normal incidence reflection coefficient and transmission coefficient, which are measurable using a standard
impedance tube. For anisotropic materials, such as metamaterials, this is not possible due to the anisotropy.
This implies that a way to directly measure Ro and To is needed.

Multiple methods have been proposed to achieve this goal. The free-field in-situ measurement method
[1, 2, 3, 4] measures the acoustic field information (e.g., acoustic pressure or sound intensity) around the
sample under a known acoustic incidence field. In the post-processing, the reflected field can be separated
from the incidence field by analyzing the source and receiver information. However, it requires a large sample
and very accurate positioning of the source and receiver throughout the measurements. Moreover, the ability
to measure To is lacking as the sample is placed on the floor during the measurement which can be regarded
as a rigid backing. The spatial Fourier-transform method assumes that the sound field can be decomposed
into an infinite series of sinusoidal waves of different propagation directions [5]. By integrating the pressure
at an extensive number of points within the field, a sinusoidal wave component of certain propagation angle
can be described, which in turn can be used to calculated the reflection coefficient at these incidence angles.
Owning to the integration process, acoustic measurements at a large number of points are needed, which
yields complex and sometimes intrusive setups [6].

This paper proposes a measurement method based on the modal decomposition method, which assumes
the pressure field of a waveguide to be approximated by the summation of cut-on modes [7]. Compared to
the previously mentioned methods, it ensures the non-intrusive measurement of both R and T in a setup of
an acceptable size. Moreover, after a set of measurements, Ro and To under various oblique incidences can
be obtained simultaneously.

This paper is organized as follows. Section 2 presents how the modal decomposition method can be used
to measure Ro and To. Section 3 describes an optimization process for the microphone locations, which
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improves the robustness of the method against measurement noise. In section 4, a numerical simulation of
the proposed setup with an anisotropic metamaterial is conducted applying the technique from the previous
section. Section 4 also discusses the physical realization of the measurement setup and subsequently the
measurement results of a metamaterial sample. Finally, the conclusions are given in section 5.

2. From modal decomposition theory to Ro and To

This section presents the theories behind the oblique incidence reflection coefficient Ro and transmission
coefficient To measurements based on the modal decomposition method. Firstly, the field is decomposed
into propagating modes using multiple microphone measurements within the waveguide. Secondly, the
scattering matrix, i.e., the relationship between the modal amplitudes on both sides of the material sample
in a waveguide in matrix form, is calculated from the results of the modal decomposition. Finally, Ro and
To are calculated from the scattering matrix coefficients.

2.1. Modal decomposition method

The acoustic field inside a waveguide can be described as an infinite sum of duct modes. Each mode
describes a certain pattern in the cross-section of the waveguide and has an associated axial wavenumber.
For a waveguide with a rectangular cross-section and rigid boundaries as shown in Figure 1, the pressure
pattern of mode (m,n) in the cross-section can be expressed as:

Ψ±m,n (x, y) = Cm,n cos (kxmx) cos (kyny) , (1)

where kxm and kyn are the wavenumbers of mth mode in the x-direction and the nth mode in the y-direction
and Cm,n is the scaling factor which is introduced to normalize the acoustic intensity of different duct modes,
which is defined as:

Cm,n =
√

(2 − δm,0) (2 − δn,0), (2)

where δi,j is the Kronecker delta. kxm and kyn can be expressed as:

kxm =
mπ

W
, kyn =

nπ

H
, (3)

where W and H are shown in Figure 1.

Figure 1: A waveguide with a rectangular cross-section

The axial wavenumber k±m,n can be calculated as:

k±m,n =

√
k2 − (kxm)

2 − (kyn)
2
, (4)

where k is the acoustic wavenumber of sound in air.
The axial wavenumber can be real or imaginary, depending on the frequency, the dimensions of the

cross-section and the value of m and n. For a real wavenumber, the mode propagates unattenuated in the
axial (z) direction and is called cut-on. An imaginary axial wavenumber represents an evanescent mode
which is called cut-off. If sufficiently far from sources and assuming no changes in the cross section, the
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acoustic pressure P (x, y, z) at point (x, y, z) inside the waveguide can be approximated as a sum of all cut-on
modes [7]:

P (x, y, z) ≈
∑
m,n

(
P+
m,nΨ+

m,n (x, y) e−jk
+
m,nz + P−m,nΨ−m,n (x, y) ejk

−
m,nz

)
, (5)

where P±m,n is the pressure amplitude of mode (m,n).

For the remainder of this paper, it is assumed that H is sufficiently small to allow only the 0th mode in
the y-direction, which leads to ky = 0. The intention of not allowing high-order modes in the y-direction
is to make the waveguide essentially two dimensional, which enables non-intrusive measurements since all
information needed can be obtained in a single x-z plane. As a result, equation (4) and (5) are rewritten
as:

k±m =

√
k2 − (kxm)

2
, (6)

and
P (x, z) ≈

∑
m

(
P+
mΨ+

m (x) e−jk
+
mz + P−mΨ−m (x) ejk

−
mz
)
. (7)

Equation (7) can be expressed in vector format:

P (x, z) ≈



Ψ+
0 (x) e−jk

+
0 z

...

Ψ+
N−1 (x) e−jk

+
N−1z

Ψ−0 (x) e+jk−
0 z

...

Ψ−N−1 (x) e+jk−
N−1z



ᵀ 

P+
0
...

P+
N−1
P−0

...
P−N−1


, (8)

where N is the total number of cut-on modes in the x-direction. If s points are measured within the field,
equation (8) can be expanded to the matrix form:

P (x1, z1)
...

P (xs, zs)

 ≈



Ψ+
0 (x1) e−jk

+
0 z1 · · · Ψ+

0 (xs) e
−jk+

0 zs

...
...

...

Ψ+
N−1 (x1) e−jk

+
N−1z1 · · · Ψ+

N−1 (xs) e
−jk+

N−1zs

Ψ−0 (x1) e+jk−
0 z1 · · · Ψ−0 (xs) e

+jk−
0 zs

...
...

...

Ψ−N−1 (x1) e+jk−
N−1z1 · · · Ψ−N−1 (xs) e

+jk−
N−1zs



ᵀ

︸ ︷︷ ︸
M



P+
0
...

P+
N−1
P−0

...
P−N−1


︸ ︷︷ ︸

~P

. (9)

In case s ≥ 2N , it is possible that rank (M) ≥ 2N . In that case, the system of equations (9) is fully or

overly determined. ~P can then be calculated as [7]:

~P ≈M†

P (x1, z1)
...

P (xs, zs)

 , (10)

where M† is the pseudo-inverse of M . This means that by measuring the acoustic pressure at a sufficient
number of locations within the field, the field inside the waveguide can be described by a sum of the different
cut-on modes with different contributions.
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2.2. From modes contribution to the scattering matrix

Based on the modal amplitude of the cut-on modes, the scattering matrix S, which describes the linear
acoustic behavior of the material by a matrix relation linking the modal amplitudes on both sides of the
sample, can be calculated, as illustrated in figure 2 and equation (11):[

P+
o,0 · · ·P

+
o,N−1P

−
i,0 · · ·P

−
i,N−1

]ᵀ
= S

[
P+
i,0 · · ·P

+
i,N−1P

−
o,0 · · ·P

−
o,N−1

]ᵀ
, (11)

where P±i and P±o are pressure amplitudes on each side.

Figure 2: A schematic illustration of wave components propagating into −z- and +z-directions on both sides of the sample in
a wide waveguide

Equation (11) provides 2N relations between the 2N modal amplitudes of one measurement and the

scattering matrix of the system. To fully determine the (2N)
2

coefficients of S, at least 2N independent
measurements (by varying the position of the excitation and/or the impedance of the termination) at the
same microphone locations are needed [7], i.e.:

w > 2N, (12)

where w is the total number of measurements. This results in a determined or overdetermined system of
equations: 

P+
o,0,1 · · · P+

o,0,w
...

...
P+
o,N−1,1 · · · P+

o,N−1,w
P−i,0,1 · · · P−i,0,u

...
...

P−i,N−1,1 · · · P−i,N−1,w


︸ ︷︷ ︸

P1

= S



P+
i,0,1 · · · P+

i,0,w
...

...
P+
i,N−1,1 · · · P+

i,N−1,w
P−o,0,1 · · · P−o,0,u

...
...

P−o,N−1,1 · · · P−o,N−1,w


︸ ︷︷ ︸

P2

, (13)

where the second subscript of P±i and P±o is a certain mode m in the x-direction and the third subscript
denotes a certain measurement. S can then be calculated as:

S = P2
†P1. (14)

2.3. From the scattering matrix to Ro and To

As mentioned in the previous section, the scattering matrix relation of equation (11) describes the
response of the material sample to any combination of incident duct modes. Thus, the scattering matrix
coefficients can be interpreted as the transmission and reflection coefficients of an individual incident mode.
For example, the response to the mth mode from the top of the material sample is given by the mth row
of the scattering matrix, where the first N coefficients describe how this mode is transmitted to different
modes on the bottom side of the sample (transmission) and the last N components describe the reflection of
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this mode to the different modes propagating back towards the excitation (reflection). As a result, the total
fraction of the incident energy which is reflected, transmitted and absorbed by the sample under a positive
z-direction mth mode incidence can be calculated as:

Rm =

2N∑
j=N+1

(S (j,m))
2
, Tm =

N∑
j=1

(S (j,m))
2
, and αm = 1 −Rm − Tm, (15)

where S (j,m) denotes the jth row and mth column element of S. From equations (1) and (6) it can be
concluded that the mth cut-on mode can be interpreted as an oblique incidence with an incidence angle θm:

θm = acot

(
k±m
kxm

)
. (16)

Connecting equation (15) and (16), it can be concluded that the response of the material to plane waves
under oblique incidence, with an incidence angle corresponding to a cut-on mode can be calculated from the
scattering matrix:

Ro (θm) = Rm, To (θm) = Tm, and αo (θm) = αm. (17)

From equations (1) and (3), it can be concluded that for two ms of the same absolute value but opposite
signs (e.g., the 3rd and −3rd modes), the pressure patterns are identical, meaning they can not be differen-
tiated using the modal decomposition method. Thus, neither the two corresponding incidence angles (θm
and θ−m(i.e., − θm)) can be differentiated.

3. Optimization to robustify the measurement results

Looking at equation (10), one can see that the modal matrix M needs to be inverted to obtain the modal
amplitude, which means that a low condition number of M is crucial to ensure an accurate determination
of the oblique incidence coefficients. The elements of the modal matrix M only depend on the dimensions
of the cross-section W and H, the frequency f and the microphone positions (x, z). Therefore, the condi-
tion numbers of M within a certain frequency range can be improved by optimizing the positions of the
microphones [8]. In this section, details of this optimization procedure are presented.

3.1. Determination of waveguide dimensions

First, the dimensions of the waveguide and the frequency range of interest need to be decided. The
frequency range is chosen as between 1000 Hz and 3000 Hz since the designed anisotropic metamaterial to
be tested is designed specifically for this range. Equation (18) is used to determine the number of available
cut-on modes N for a waveguide at frequency f :

N (f) = ceiling

(
2fL

c

)
, (18)

where L = W if a mode is in the x-direction and L = H if a mode is in the y-direction. W is set to 0.8
m, which allows minimum 5 cut-on modes and maximum 14 cut-on modes (only counting the non-negative
ones) in the frequency range of interest in the x-direction according to equation (18). H is set to 4.5 cm
which only allows the 0th mode in the y-direction.

3.2. Optimization of microphone locations

The number of microphone locations s is set to 30, which ensures s > 2N (i.e., number of microphone
locations per side larger than twice the number of cut-on modes) in the entire frequency range of interest.
The goal of the optimization study is to define 30 microphone locations at each side of the sample. First, the
frequency range of interest is sub-divided into several frequency bands, separated by the cut-on frequencies.
The cut-on frequency of the mth mode f cu is calculated as:

f cu =
mc

2W
, (19)
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where m takes an integer value between 0 and N − 1. The intention of creating multiple frequency bands is
to give higher priority to a higher frequency since according to equation (18) there exist more cut-on modes
at a higher frequency which makes the measurement less over-determined.

Given the fact that the condition number becomes infinite at frequencies where modes become cut-on,
frequency points between 1 Hz before each cut-on mode and 10 Hz after each mode are ignored. Thus the
frequency range of the uth band is

[
f cu−1 + 10 Hz, f cu − 1 Hz

]
, where f cu is the uth cut-on frequency in the

frequency range of interest. The frequency range for the 1st and the last frequency band within the range are
[1000 Hz, f c1 − 1 Hz] and [f clast + 10 Hz, 3000 Hz], where f clast is the last cut-on frequency within the range
and f c1 is the first cut-on frequency within the range.

Next, for each frequency band, a linear average of the condition number of the modal matrix M is
calculated, denoted as cond (M (x, z, f))u for the uth frequency band.

Moreover, a weighting factor wu (f) is assigned to each frequency band, which is defined as:

wu (f) =
1

N (3000 Hz) −Nu
, (20)

where Nu represent the number of cut-on modes at the uth frequency band.
The objective function F (x, z) which is the weighted average of linear averages for all frequency bands

is calculated as:

F (x, z) =

Q∑
u=1

wu (f) cond (M (x, z))u, (21)

where Q is the number of frequency bands with the frequency range of interest.
Since 60 variables (x, z values of 30 microphone locations) are required in the optimization, a great

number of local minima is expected. A specific initial layout is chosen instead of a random layout to ensure
a good starting point. Two lines of evenly distributed points are known to result in a reasonable condition
number over a broad frequency range and are therefore selected as the initial layout for the optimization.
A spacing of 4 cm between the two lines is chosen based on a numerical study of the condition number of
the modal matrix in the frequency range of interest for a layout of two lines with a spacing ranging from 2
cm to 7 cm.

In the optimization of the microphone locations, points that are within 1 cm to the two side boundaries
and 4 cm to the top, bottom boundaries of the waveguide and 4 cm to the sample region surfaces are
excluded. The intention is to avoid inaccurate measurements close to boundaries or discontinuities. The
initial layout and the optimized layout are shown in the left figure of Figure 3. Right figure of Figure 3
presents the condition number of the modal matrix as a function of frequency for the initial and optimized
microphone layout. It is clear that he optimization successfully improves the condition number of M in the
full range between 1000 Hz and 3000 Hz.

1000 1500 2000 2500 3000

0

5

10

15

20

Figure 3: Left: Microphone layouts. Blue cross - original layout. Red asterisk - optimized layout. For each layout, the parts
below and above the metamaterial are symmetric; Right: The condition number of the modal matrix as a function of frequency
for the initial layout (black) and the optimized layout (red)
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4. Numerical and experimental study

The methodology mentioned in section 2 and 3 is applied to both simulation of a waveguide where an
acoustic metamaterial sample is placed inside and the corresponding experimental measurements of the same
waveguide with the same type of metamaterial. This section describes the metamaterial used, the numerical
and experimental setups and results.

4.1. Description of the metamaterial

The metamaterial design is based on the generalized Snell’s law such that the absorption of a poroelastic
(PE) material can be enhanced. It is composed of cells separated by metallic plates, where each cell is
composed of an air layer at the top, a PE layer in the middle and another air layer at the bottom. A
schematic illustration can be found in Figure 4. The PE material properties are measured in an impedance
tube using the two cavity method [9]. Based on these properties, analytical models can be used to predict
the phase of reflection and transmission coefficients of each cell, which can then be used to make the design,
where the PE layer thickness and location is varied in each cell to form a phase gradient at both the top
and the bottom surfaces. With two phase gradients, according to the generalized Snell’s law, the absorption
can be enhanced. Details of the process can be found in paper [10].

Figure 4: Schematic representation of a period composing of four cells. White: air layer; Gray: poroelastic layer

4.2. Numerical setup

A model of the waveguide is created in COMSOL Multiphysics® with the dimensions and the opti-
mized layout described in section 3. As shown in Figure 5, a sample of the previously described anisotropic
metamaterial is placed inside the virtual waveguide. The number of measurements w is set to 32 to satisfy
w > 2N , which results in a fully or overly determined group of equations when calculating the scattering
matrix (equation (13)). The number of measurements w should not be confused with the number of micro-
phone locations s. Different measurements are performed by varying the sound source location on two ends
of the waveguide, as is also shown in Figure 5. The distribution of sound source locations at each side is
not symmetric in terms of the duct axis to avoid redundacies during the measurement since two symmetric
sound source locations can be approximately regarded as two identical excitations.

Figure 5: Numerical model for the waveguide simulation. 32 sound source locations (measurements) are used with 16 on top
and 16 at the bottom.
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As a comparison, the same metamaterial under plane wave incidence is simulated in an idealized manner
considering: 1) plane wave incidence with different angles of incidence, 2) a semi-echoic termination (a
perfectly matched layer both above and below the sample region) and 3) the structure is of infinite extent
in the lateral direction (a periodic boundary condition both to the left and the right of the sample). This
case is denoted as idealized plane wave incidence case (IPWI).

For the simulations of the waveguide under different sound source locations, after the acoustic pressure at
points dictated by the optimized layout are obtained, procedures described in section 2 are followed so that
Ro and To that correspond to IPWS case of the metamaterial can be calculated. The process of simulation
of the waveguide and applying the measurement methodology to the simulation results afterwards is denoted
as WGS.

4.3. Experimental setup

The waveguide with the optimized microphone layout is manufactured, as shown in Figure 6. A horn
driver, whose position is varied between the measurements, is used as the sound source. Given the large
number of microphone locations and the limited number of microphones available, at each sound source
location, two submeasurements are performed covering different microphone locations. During each sub-
measurements, unused microphone locations are sealed by a dummy which is flushed with the inner surface
of the top plate. The two submeasurements are then merged in the post-processing to give a complete
measurement. Table 1 lists the details of the experimental setup. After obtaining the acoustic pressure at
the prescribed points under different sound source locations, a similar procedure is followed as described in
section 4.2 to obtain the Ro and To corresponding to the IPWI case.

Figure 6: The experimental measurement setup. 8 periods of the metamaterial are used.

Parameter Value
Number of microphone locations (each side) 30

Number of measurements 32
Number of submeasurements per measurement 2

Type of signals measured acoustic pressure
Type of post-processing Frequency response function (FRF)

Excitation signal White noise
Sampling frequency 16384 Hz

Number of averages (for FPF calculation) 100
Overlap of adjacent windows (for FRF calculation) 50%

Table 1: Details of the experimental setup

4.4. Discussion of the numerical and experimental results

Figure 7 shows the reflection coefficient R, transmission coefficient T and absorption coefficient α directly
measured from the experiment, obtained by applying the measurement procedure to the results of the
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simulation of the waveguide and directly from the IPWI simulation of the metamaterial. A good match
between the IPWI simulation and results of applying the measurement methodology to the WGS is found in
both cases. For the normal incidence case, the mismatch around 1000 Hz and around 1500 Hz is due to the
fact that the modal matrix is singular by definition at a cut-on frequency where the pressure field cannot
be decomposed into modes. This is a limitation of the measurement method. From the oblique incidence
absorption curve, one can see that, contrary to a continuous curve from the IPWI simulation, the WGS
method only yields results at discrete angles. This is because at a certain frequency only a limited number
of cut-on modes is present in a waveguide of finite dimensions, as can be seen from equation (18).

Results from the WGS generally match better with the IPWI simulation, as compared to the experimental
measurement. The slight mismatch between the experimental measurement and the IPWI simulation is
explained by the possibly inaccurate material characterization in the impedance tube using the two cavity
method.
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Figure 7: R, T and α of a metamaterial from both plane wave incidence simulation and applying the measurement methodology
to the WGS under a) normal incidence, b) oblique incidence at 2000 Hz.

Additionally, as can be observed in Figure 8, the Ro and To of this material are not symmetric although
the differences are small. For example, Ro under 60° incidence is not the same as that under −60° inci-
dence. Contrarily, the Ro and To from the WGS are symmetric. This is because according to the modal
decomposition theory, all mode shapes are symmetric, which means the pressure which is considered as a
superposition of all cut-on modes will also always be symmetric. Thus, asymmetric materials cannot be
accurately characterized using this method as no distinction can be made between two incidence angles of
the same absolute value but different signs.
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Figure 8: R, T of a metamaterial from plane wave incidence simulation and applying the measurement methodology to the
WGS under oblique incidence at 2000 Hz. Figure zoomed in terms of the y-axis for readers’ convenience.
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5. Conclusions

A method to measure the oblique incidence reflection, transmission and absorption coefficients based on
the modal decomposition theory in a rectangular waveguide is presented. The previously mentioned oblique
incidence coefficients can be obtained from the corresponding coefficients of a certain mode, which can then
be calculated using the modal decomposition method. The dimensions of the waveguide are chosen to avoid
any high-order cut-on modes in one of the two directions of the cross-section and support multiple cut-on
modes in the other direction of the cross-section. The intention is to ensure that the pressure field inside the
waveguide can be represented by the acoustic pressure on one plane. An optimization on the microphone
locations is performed to improve the robustness of the modal decomposition method and the accuracy of
the measured metamaterial properties. The method is first validated by applying simulation results of a
waveguide where a metamaterial sample is placed inside. The method is then applied experimentally on an
anisotropic metamaterial sample inside the waveguide, where the results show a good agreement with the
numerical predictions.
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