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ABSTRACT  
 
Models for the propagation of high amplitude continuous sound and pulses in rigid porous 
materials have been developed allowing for linear dependence of flow resistivity on air velocity. 
The models require 4 parameters: tortuosity, porosity, flow resistivity and a non-linearity 
parameter. Predictions have been found to be in good agreement with measurements of 
admittance at high amplitudes. Good agreement has been obtained, between non-linear theory 
and data for shock reflection by a 0.15 m thick sample of porous aluminium as a function of 
incident pressure amplitude, after adjustment of parameters to fit the shock data at the lowest 
amplitude.  
 
 
INTRODUCTION  
 
High amplitude harmonic wave propagation in rigid porous media has been subject of study for 
over a decade [1,2]. Increase in absorption with sound amplitude has been attributed to 
Forchheimer’s non-linearity which results from the dependence of dc flow resistivity on flow 
velocity amplitude. If the flow resistivity is assumed to depend linearly on flow velocity, the value 
of Forchheimer’s non-linearity parameter, ξ, is given by the slope of the resistivity – velocity 
curve. This is valid for relatively low incident pressure amplitudes. Harmonic generation has 
been observed also as a result of the hydrodynamic non-linearity of the air in the pores of the 
material. However it can be shown that the latter effect is relatively weak. In a study of the 
propagation of acoustic pulses in rigid porous material in the linear regime [3], it has been 
shown that at low frequencies (i.e. for longer pulses) the evolution follows a diffusion equation, 
whereas for higher frequencies (shorter pulses) the wave is described by hereditary mechanics. 
The influence of non-linear 1D step loading on the pore fluid in a semi-infinite rigid porous 
medium, neglecting inertia effects, has been studied [4]. Good agreement between numerical 
results and data has been demonstrated. 
An expression for the pressure-dependent impedance of a rigid-porous layer subject to high 
amplitude sound has been derived by assuming (a) a simple three-parameter model for the 
linear acoustical characteristics and (b) that ‘free-fluid’ hydrodynamic non-linearity effects are 
negligible compared with results of the Forchheimer’s non-linearity [5]. The latter assumption is 
justified anyway for continuous sound in a highly porous material if the frequency is low enough. 
The assumptions are validated by the good comparison for continuous sound between the 
measured and predicted dependence of the reflection coefficient on frequency and pressure 
amplitude. For pulses, the second assumption is justified if the pulse is long enough. In the next 
section, after stating the assumed governing equations, predictions of the assumed three-



parameter rigid-porous model are compared with admittance data for a hard-backed layer of 
porous aluminium at low (linear) amplitudes. The theoretical result of including finite amplitude 
effects in impedance are stated and compared with data for high-amplitude admittance data for 
rigid-porous layers using properties that have been measured non-acoustically or deduced. In 
the following section the results are stated of extending the low frequency approximation for 
pulses previously derived [3] to include Forchheimer’s non-linearity and finite amplitude effects 
[5] for a semi-infinite porous medium. Predictions are compared with high-amplitude pulse 
reflection data for a porous aluminium layer and concluding remarks are made. 
 
 
HIGH-AMPLITUDE ADMITTANCE RESULTS FOR A POROUS MEDIUM WITH 
FORCHHEIMER’S NONLINEARITY 
 
Consider sound propagation at high-amplitudes in a rigid-framed porous material with porosity 
Ω0, tortuosity α, DC flow resistivity σ0 and Forchheimer’s non-linearity parameter ξ. If ρ is 
density, p is pressure, and v  is particle velocity, then the 1D equations of continuity, 
momentum conservation and state for the gas in the pores of the material can be written as: 
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The gas in the material is supposed to be adiabatic. Equations (1) imply three-parameter 
models for the complex density in the linear regime. The relationship for normalised complex 
density may be written 
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The expression for (low-amplitude) wavenumber in the material, corresponding to (2) is 
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Expressions for the linear characteristic impedance and the surface impedance of a hard-
backed layer of thickness d follow respectively from, 

( ) ( ) ( )ωωωρω kZ /=  and ( ) ( ) ( ) )coth(, dikZdZ ωωω −=  (4). 
Comparisons between the predictions of equations (2) and (3) and admittance data obtained at 
relatively low amplitudes using a two-microphone white noise method with a 0.15 m thick 
sample of porous aluminium in an impedance tube are shown in Figure 1. 
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Fig. 1.- Comparison of predictions for the surface admittance of a 0.15 m thick layer of porous 
aluminium with data obtained in an impedance tube. The closely spaced dots correspond to 
data obtained using the two-microphone white noise method. The isolated dots correspond to 
single frequency measurements and continuous lines correspond to predictions.  
 
Parameters used in the predictions are porosity (0.933) obtained from weighing the sample, 
flow resistivity (0.66 kPa s m−2) measured on an ANSI standard apparatus and tortuosity (2.2) 
corresponding to the best-fit value for the magnitude of the layer resonance in the admittance. 



Figure 2 shows measurements of flow resistivity for porous aluminium and porous concrete and 
demonstrates the deduction of the appropriate values of Forchheimer’s non-linearity parameter. 
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Fig. 2 - Measurements of flow resistivity (error bars and dots) as a function of flow velocity 

through porous aluminum and porous concrete. Assuming ( )vξσσ += 10 , the lines shown 

lead to ξ values of 1 and 1.7 s m−1 respectively. 
  
Solution of equations (1) leads to the following implicit equation for the surface impedance of a 
layer as a function of incident pressure amplitude, P, 
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To achieve higher pressures than possible with white noise (maximum 20 Pa), single frequency 
measurements have been made at amplitudes up to 246 Pa. Figure 3 shows data for the 
reflection coefficient magnitude obtained as a function of incident pressure amplitude using 
continuous sound. The data are for the specified single frequencies for pulse reflection from 
0.15 m thick layers of porous aluminium and concrete. It is interesting to note the measured and 
predicted tendency for the reflection coefficient of the porous aluminium layer to decrease with 
increasing pressure at 500 Hz. This tendency differs from that observed at other frequencies 
with porous aluminium and at a similar frequency for other rigid-porous samples with the same 
thickness but with lower porosity and higher flow resistivity; for example, porous concrete 
(porosity 0.3, flow resistivity 120 kPa s m−2, tortuosity 2.2). 
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Fig. 3 - Data (points) and predictions (lines) for the magnitude of the (continuous sound) 
reflection coefficient for 0.15 m layers of porous aluminium and concrete as a function of 
incident sound pressure amplitude at 500 Hz and 550 Hz respectively.  
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RESULTS FOR STRONG SHOCKS 
 
By following the standard procedure [6], in cases where Forchheimer’s non-linearity 
dominates, equations (1) together with boundary conditions on the rigid surface can be 
simplified to give a single equation for the velocity )(tv −  of the pulse reflected from the surface 
of semi-infinite material [5]. This has an exact solution in the case of a triangular incident pulse 
associated with velocity )(tv + , i.e. 
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where +A  is the incident velocity pulse amplitude and +T  is the incident pulse duration. 
The solution for the velocity associated with the reflected pulse is: 
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The moment of time T* when the solution becomes negative can be found from 0)( *)1(

0 =+ Tv  
The approximate solution for an arbitrarily shaped incident pulse )(tv + is given by 
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Figure 5 shows an example of data measured at the centre of a 2 m long shock tube of internal 
diameter 51 mm with a 0.15 m thick sample of porous aluminium at one end. The incident pulse 
is registered at 4 ms and is easily approximated as triangular. The pulse reflected from the end 
of the shock tube behind the material sample (at about 10 ms) overlaps that reflected from the 
sample surface. Nevertheless the peak of the surface-reflected pulse is clearly differentiated at 
about 9 ms. The shocks were generated by membrane rupture. The amplitudes and durations 
of the incident shocks were varied by using a range of membrane thickness and rupture 
chambers of different lengths. 
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Fig. 5 - Example shock tube time series showing incident pulse at 4 ms and overlapping re-
flections from the front and back surfaces of a 0.15 m thick porous aluminium sample between 8 
and 10 ms. 
 
The smallest peak pressure in the shock tube tests is two orders of magnitude greater than the 
highest pressure achieved in impedance tube measurements. It is to be expected, therefore, 
that a different value of Forchheimer’s non-linearity parameter is needed to make predictions at 
such high pressures. Figure 6 compares predictions of both linear (low-amplitude) and non-
linear theories with data for the dependence of the amplitude of the pulse reflected from the 
front surface of the material, which is assumed identical to that reflected from a semi-infinite 
layer, on the incident pulse amplitude. The flow resistivity and non-linearity parameter required 
for the linear and non-linear predictions have been fitted to the reflection coefficient data at the 
lowest shock pressure. The corresponding fitted parameters at lowest incident shock pressure 
are given by a flow resistivities of 2.8 kPa s m−2 for the linear theory and 0.757 kPa s m−2 for the 
non-linear theory. The non-linear theory fit to the data point corresponding to the lowest 
measured shock amplitude results in a non-linearity parameter value of 0.068 s m−1. This  is a 
significantly smaller value than that deduced from Fig. 2. 
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Fig. 6: Comparison of data and predictions for the amplitude reflected from the front surface of a 
0.15 m thick porous aluminium layer as a function of the incident pulse amplitude. 
 
Clearly the non-linear theory gives better agreement with the data at higher pressures than the 
linear one. 
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CONCLUSION 
 
Theories for high-amplitude reflection of continuous sound from rigid-porous layers and for 
shock wave reflection from a semi-infinite rigid-porous medium, based on a three parameter 
low-amplitude impedance model and taking into account Forchheimer’s non-linearity, have been 
validated against data. The data include reflection coefficients from high and low porosity rigid-
framed materials subject to continuous high-amplitude sound as a function of frequency and 
amplitude. Also data and predictions have been presented for shock wave reflection from the 
surface of a 0.15 m porous aluminium layer as a function of incident pressure amplitude. 
Further work will involve measurements of Forchheimer’s non-linearity at higher flow velocities 
and comparison between predictions and data from reflection and transmission measurements 
on a wide range of porous materials including materials with elastic frames. 
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